Anti-invariant Riemannian submersions from locally conformal Kaehler
  manifolds by Choudhary, Majid Ali
ar
X
iv
:1
90
7.
01
97
7v
1 
 [m
ath
.D
G]
  3
 Ju
l 2
01
9 Anti-invariant Riemannian submersions
from locally conformal Kaehler manifolds
Majid Ali Choudhary
Department of Mathematics
Zakir Husain Delhi College (E), Delhi University, New Delhi -110002(India)
E-mail : majid alichoudhary@yahoo.co.in
Abstract
B. Sahin [9] introduced the notion of anti-invariant Riemannian sub-
mersions from almost Hermitian manifolds onto Riemannian manifolds.
In the present paper we extend the notion of anti-invariant and La-
grangian Riemannian submersions (a special anti-invariant Riemannian
submersion) to the case of locally conformal Kaehler manifolds. We dis-
cuss the geometry of foliation and obtain some decomposition theorems
for the total manifold of such submersions.
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1 Introduction
Locally conformal Kaehler manifolds (Shortly, l.c.K. manifolds) have
been rich source of research for many geometers. A number of papers have
appeared on these manifolds and their submanifolds (See: [12], [2] for details).
On the other hand, the study of the Riemannian submersions π : M → B
of a Riemannian manifold M onto a Riemannian manifold B was initiated
by B. O’Neil [5]. Gray [3], Ianus [4], Park ([6], [7]), Sahin ([10], [11]) etc.
have also investigated submersions in different settings. In 2010, B. Sahin [9]
introduced the notion of anti-invariant Riemannian submersions from almost
Hermitian manifolds onto Riemannian manifolds. Here, in the present paper
we extend the notion of anti-invariant and Lagrangian Riemannian submer-
sions (a special anti-invariant Riemannian submersion) to the case when the
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total manifold is locally conformal Kaehler manifold. We obtain some integra-
bility conditions for the horizontal distribution while it is noted that vertical
distribution is always integrable. We also discuss necessary and sufficient con-
dition for a Lagrangian Riemannian submersions to be totally geodesic and
obtain decomposition theorems for the total manifold of such submersions.
2 Preliminaries
In this section, first we define l.c.K. manifold, recall the notion of Riemannian
submersion between Riemannian manifolds. Then, we give brief review of basic
facts of basic vector fields.
Definition 2.1 [2] Let (M˜, J, g) be a Hermitian manifold of dimension 2m.
Let Ω be the Kaehler 2-form associated with J and g i.e. Ω(X, Y ) = g(X, JY )
for all X, Y ∈ χ(M˜). The manifold M˜ is called locally conformal Kaehler
(l.c.K.) manifold if there is a closed 1-form ω defined globally on M˜ such that
dΩ = ω ∧ Ω.
The closed 1-form ω is called the Lee form of the l.c.K. manifold M˜ . Also
(M˜, J, g) is globally conformal Kahler (g.c.K.) (respectively Kahler) if the Lee
form ω is exact (respectively ω = 0). Note that any simply connected l.c.K is
g.c.K. For a l.c.K. manifold (M˜, J, g) we define the Lee vector field B1 = ω
♯
where ♯ means the rising of the indices with respect to g, namely g(X,B1) =
ω(X); for all X ∈ χ(M˜). If ∇˜ denotes the Levi Civita connection of (M˜, J, g)
then we have
(∇˜XJ)Y =
1
2
{θ(Y )X − ω(Y )JX − g(X, Y )A− Ω(X, Y )B1} (2.1)
for any X, Y ∈ χ(M˜). Here, θ = ωoJ and A = −JB1 are the anti-Lee form
and the anti-Lee vector field, respectively [2].
Let (Mm, g) and (Bb, gB) be Riemannian manifolds, where dim(M) = m,
dim(B) = b and m > b. A Riemannian submersion π : M → B is a map of M
onto B satisfying the following axioms:
(1) π has maximal rank.
(2) The differential π∗ preserves the lengths of horizontal vectors.
For each q ∈ B, π−1(q) is an (m − b) dimensional submanifold of M . The
submanifold π−1(q), q ∈ B is called fiber. A vector field onM is called vertical
if it is always tangent to fibers. A vector field on M is called horizontal if it
is always orthogonal to fibers. In order to relate the geometry of M and B we
have the concept of basic vector fields defined as follows:
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Definition 2.2 A vector field X on M is said to be basic provided X is
horizontal and is π-related to a vector field X∗ on B, that is, π∗oX = X∗oπ.
It is to be noted that we denote the projection morphisms on the distributions
kerπ∗ and (kerπ∗)
⊥ by V and H, respectively. We have the following lemma
for basic vector fields [5]
Lemma 2.3 Let π : M → B be a Riemannian submersion between Rie-
mannian manifolds M and B and X, Y be basic vector fields on M , then
(a) g(X, Y ) = gB(X∗, Y∗)oπ.
(b) H[X, Y ] of [X, Y ] is a basic vector field and corresponds to [X∗, Y∗], that
is, ([X, Y ]H) = (X∗, Y∗).
(c) [V,X ] is vertical for any vertical vector V .
(d) H(∇XY ) is the basic vector field corresponding to ∇
∗
X∗
Y∗, where ∇
∗ is a
Levi-Civita connection on B.
The geometry of Riemannian submersions is characterized by O’Neills tensors
T and A defined for vector fields E, F on M by [5]
AEF = H∇HEVF + V∇HEHF (2.2)
TEF = H∇VEVF + V∇VEHF (2.3)
where ∇ is the Levi-Civita connection of g. It is easy to see that a Riemannian
submersion π : M → B has totally geodesic fibres if and only if T vanishes
identically. For any E ∈ Γ(TM), TE and AE are skew-symmetric operators on
(Γ(TM), g) reversing the horizontal and vertical distributions. It is also easy
to see that T is vertical, TE = TVE and A is horizontal, A = AHE. We note
that tensor fields T and A satisfy ([5], [9])
TUW = TWU, ∀U,W ∈ Γ(kerπ∗) (2.4)
AXY = −AYX =
1
2
V[X, Y ], ∀X, Y ∈ (Γ(kerπ∗)
⊥). (2.5)
Now we state the following lemma [9]
Lemma 2.4 For X, Y ∈ (Γ(kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗), we have the
following relations:
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(a) ∇VW = TVW + ∇ˆVW
(b) ∇VX = H∇VX + TVX
(c) ∇XV = AXV + V∇XV
(d) ∇XY = H∇XY +AXY
where ∇ˆVW = V∇VW . If X is basic, then H∇VX = AXV .
3 Anti-invariant Riemannian submersions
In this section, we recall the definitions of anti-invariant Riemannian submer-
sion and Lagrangian Riemannian submersion, investigate the integrability of
distributions and obtain a necessary and sufficient condition for such submer-
sion to be totally geodesic map. We also investigate the harmonicity of a
Lagrangian Riemannian submersion.
B. Sahin [9] defined anti-invariant Riemannian submersion by the following
way
Definition 3.1 Let M be a complex m-dimensional almost Hermitian man-
ifold with Hermitian metric g and almost complex structure J and B be a Rie-
mannian manifold with Riemannian metric gB. Suppose that there exists a
Riemannian submersion π : M → B such that kerπ∗ is anti-invariant with
respect to J , that is J(kerπ∗) ⊆ (kerπ∗)
⊥. Then we say that π is an anti-
invariant Riemannian submersion.
Let π : (M, g, J)→ (B, gB) be an anti-invariant Riemannian submersion from
an almost Hermitian manifold M onto a Riemannian manifold B. From the
above definition we observe that J(kerπ∗)
⊥ ∩ (kerπ∗) 6= 0 and hence we have
(kerπ∗)
⊥ = J(kerπ∗)⊕ µ (3.1)
where µ denotes the orhogonal complementary distribution to J(kerπ∗) in
(kerπ∗)
⊥ and it is invariant under J . Thus for any X ∈ Γ((kerπ∗)
⊥) we have
JX = BX + CX (3.2)
where BX ∈ Γ(kerπ∗) and CX ∈ Γ(µ). On the other hand, since we have
π∗((kerπ∗)
⊥) = TB and π is a Riemannian submersion using (3.2) it can be
shown that gB(π∗JV, π∗CX) = 0 for any X ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗),
which implies that
TB = π∗(J(kerπ∗))⊕ π∗(µ). (3.3)
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Finally, we recall the notion of harmonic maps between Riemannian man-
ifolds [1]. Let us suppose that (M, g) and (B, gB) be Riemannian mani-
folds and φ : M → B be a smooth map. Then the differential φ∗ of φ
can be viewed as a section of the bundle Hom(TM, φ−1(TB)) → M , where
φ−1(TB) is the pullback bundle which has fibres (φ−1(TB))p = Tφ(p)B, p ∈M .
Hom(TM, φ−1(TB)) has a connection ∇ induced from Levi-Civita connection
∇M and the pullback connection. The second fundamental form of φ is given
by
(∇φ∗)(X, Y ) = ∇
φ
Xφ∗(Y )− φ∗(∇
M
X Y ) (3.4)
for X, Y ∈ Γ(TM), where ∇φ is the pullback connection.
We give the following lemma to be used later in order to prove the theorems.
Lemma 3.2 Let π be an anti-invariant Riemannian submersion from a lo-
cally conformal Kaehler manifold (M, g, J) to a Riemannian manifold (B, gB).
Then we have
(i) g(CY, JV ) = 0
(ii) g(∇XCY, JV ) = −g(CY, JAXV ) +
1
2
ω(V )g(CY,CX)
(iii) g(∇VBY,CX) = g(CX, TVBY ) = −g(BY, TVCX)
where ω is closed 1-form defined globally onM and for X, Y ∈ Γ((kerπ∗)
⊥), V ∈
Γ(kerπ∗).
Proof (i) For any Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗) from (3.2) we have
g(CY, JV ) = g(JY −BY, JV )
= g(JY, JV )
as BY ∈ Γ(kerπ∗) and JV ∈ Γ((kerπ∗)
⊥). But, g(JY, JV ) = g(Y, V ) = 0 and
hence the result.
(ii) For any X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗) using part (i) and
equation (2.1) we have
g(∇XCY, JV ) = −g(CY,∇XJV )
= −g(CY, J∇XV ) +
1
2
ω(V )g(CY, JX)
where we have assumed that B1 ∈ Γ(kerπ∗). Now using (3.2) we have
g(∇XCY, JV ) = −g(CY, J∇XV ) +
1
2
ω(V )g(CY,BX + CX)
= −g(CY, J∇XV ) +
1
2
ω(V )g(CY,CX)
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as CY ∈ Γ(µ) and BX ∈ Γ(kerπ∗). Applying Lemma 2.4 we have
g(∇XCY, JV ) = −g(CY, JAXV )− (CY, JV∇XV ) +
1
2
ω(V )g(CY,CX)
since JV∇XV ∈ Γ(Jkerπ∗), we obtain
g(∇XCY, JV ) = −g(CY, JAXV ) +
1
2
ω(V )g(CY,CX)
which proves the result. 
It is to be noted that from now we will assume that B1 ∈ (kerπ∗) through
out the paper. During the proofs whenever it seems necessary, we have sup-
posed horizontal vector fields to be basic. Now, we discuss the integrability of
the horizontal distribution (kerπ∗)
⊥. One can notice that distribution kerπ∗
is integrable.
Theorem 3.3 Let (M, g, J) be a locally conformal Kaehler manifold and
π be an anti-invariant Riemannian submersion from M onto a Riemannian
manifold (B, gB). Then the following assertions are equivalent to each other:
(a) (kerπ∗)
⊥ is integrable
(b) gB((∇π∗)(Y,BX), π∗JV ) = gB((∇π∗)(X,BY ), π∗JV ) + g(CY, JAXV )
− g(CX, JAY V )−
1
2
g(BY,B1)g(X, JV )
+ 1
2
g(BX,B1)g(Y, JV )
(c) g(AYBX −AXBY, JV ) = −g(CY, JAXV ) + g(CX, JAY V )
+ 1
2
g(BY,B1)g(X, JV )−
1
2
g(BX,B1)g(Y, JV )
for X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).
Proof. If Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗), then from definition 3.1 it
follows that JY ∈ Γ(kerπ∗ ⊕ µ) and JV ∈ Γ((kerπ∗)
⊥). Thus using (2.1) for
X ∈ Γ((kerπ∗)
⊥) we have
g([X, Y ], V ) = g(J [X, Y ], JV )
= g(J∇XY, JV )− g(J∇YX, JV )
= g(∇XJY, JV )−
1
2
θ(Y )g(X, JV )
−g(∇Y JX, JV ) +
1
2
θ(X)g(Y, JV )
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here θ = ωoJ , Ω(X, Y ) = g(X, JY ) and g(X,B1) = ω(X), then the assump-
tion that B1 ∈ Γ(kerπ∗) gives
g([X, Y ], V ) = g(∇XJY, JV )− g(∇Y JX, JV )−
1
2
g(BY,B1)g(X, JV )
+
1
2
g(BX,B1)g(Y, JV )
= g(∇XBY, JV ) + g(∇XCY, JV )− g(∇YBX, JV )
−g(∇YCX, JV )−
1
2
g(BY,B1)g(X, JV ) +
1
2
g(BX,B1)g(Y, JV )
where we have used (3.2). As π is a Riemannian submersion, we obtain
g([X, Y ], V ) = g(π∗∇XBY, π∗JV ) + g(∇XCY, JV )− gB(π∗∇YBX, π∗JV )
−g(∇YCX, JV )−
1
2
g(BY,B1)g(X, JV ) +
1
2
g(BX,B1)g(Y, JV )
Taking into account the definition of second fundamental form and using
lemma 3.2, we have
g([X, Y ], V ) = gB(−(∇π∗)(X,BY ) + (∇π∗)(Y,BX), π∗JV )
−g(CY, JAXV ) + g(CX, JAY V )
−
1
2
g(BY,B1)g(X, JV ) +
1
2
g(BX,B1)g(Y, JV )
Thus, we have shown that (a)⇔(b).
Next, for X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗) taking into consideration
Lemma 2.4 , we have
(∇π∗)(X,BY ) − (∇π∗)(Y,BX)
= −π∗(∇XBY ) + π∗(∇YBX)
= −π∗(∇XBY −∇YBX)
= π∗(AYBX −AXBY )
Hence, we get
gB((∇π∗)(X,BY ) − (∇π∗)(Y,BX), π∗JV )
= gB(π∗(AYBX −AXBY ), π∗JV )
= g(AYBX −AXBY, JV )
as AXBY −AYBX ∈ Γ((kerπ∗)
⊥), we conclude that (b)⇔(c). 
Definition 3.4 [9] An anti-invariant Riemannian submersion π is said to
be Lagrangian Riemannian submersion if J(kerπ∗) = (kerπ∗)
⊥. If µ 6= {0},
then π is said to be proper anti-invariant Riemannian submersion.
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From Theorem 3.3, we have the following result for Lagrangian Riemannian
submersion
Corollary 3.5 Let (M, g, J) be a locally conformal Kaehler manifold and
π : M → B be Lagrangian Riemannian submersion of M onto a Riemannian
manifold (B, gB). Then the following are equivalent:
(a) (kerπ∗)
⊥ is integrable
(b) (∇π∗)(X, JY ) = (∇π∗)(Y, JX)−
1
2
g(BY,B1)X +
1
2
g(BX,B1)Y
(c) π∗(AXJY −AY JX) =
1
2
g(BY,B1)X −
1
2
g(BX,B1)Y
for X, Y ∈ Γ((kerπ∗)
⊥).
Proof. For any X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗) we observe that
JX ∈ Γ(kerπ∗) and JV ∈ Γ((kerπ∗)
⊥). Then in the light of (2.1) we see
g([X, Y ], V ) = g(J [X, Y ], JV )
= g(J∇XY, JV )− g(J∇YX, JV )
= g(∇XJY, JV )− g(∇Y JX, JV )
−
1
2
g(BY,B1)g(X, JV ) +
1
2
g(BX,B1)g(Y, JV )
Taking into account that π is a Riemannian submersion and using (3.4), we
arrive at
g([X, Y ], V ) = gB(π∗∇XJY, π∗JV )− gB(π∗∇Y JX, π∗JV )
−
1
2
g(BY,B1)g(X, JV ) +
1
2
g(BX,B1)g(Y, JV )
= −gB((∇π∗)(X, JY ), π∗JV ) + gB((∇π∗)(Y, JX), π∗JV )
−
1
2
g(BY,B1)g(X, JV ) +
1
2
g(BX,B1)g(Y, JV )
Hence, (kerπ∗)
⊥ is integrable if and only if
gB((∇π∗)(X, JY ), π∗JV ) = gB((∇π∗)(Y, JX), π∗JV )−
1
2
g(BY,B1)g(X, JV )
+
1
2
g(BX,B1)g(Y, JV )
This shows that(a)⇔(b).
Now, in view of (3.4) for X, Y ∈ Γ((kerπ∗)
⊥) we have
(∇π∗)(Y, JX) − (∇π∗)(X, JY )
= −π∗(∇Y JX) + π∗(∇XJY )
= π∗(H(∇XJY )−H(∇Y JX))
= π∗(AXJY −AY JX)
Hence, we conclude that (b)⇔(c). 
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4 Totally geodesicness on M
In this section we study geometry of leaves of (kerπ∗) and (kerπ∗)
⊥ of anti-
invariant Riemannian submersion and Lagrangian Riemannian submersion.
First, we have the following result for the totally geodesicness of (kerπ∗)
⊥.
Theorem 4.1 Let (M, g, J) be a locally conformal Kaehler manifold and
π be an anti-invariant Riemannian submersion from M onto a Riemannian
manifold (B, gB). Then the following assertions are equivalent to each other:
(a) (kerπ∗)
⊥ defines a totally geodesic foliation on M
(b) g(AXBY, JV ) = g(CY, JAXV )−
1
2
ω(V )g(CY,CX)
+ 1
2
g(BY,B1)g(X, JV ) +
1
2
g(X, Y )g(B1, V )
(c) gB((∇π∗)(X, JY ), π∗JV ) = −g(CY, JAXV ) +
1
2
ω(V )g(CY,CX)
− 1
2
g(BY,B1)g(X, JV )−
1
2
g(X, Y )g(B1, V )
for X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).
Proof. In view of (2.1) and (3.2) for X, Y ∈ Γ((kerπ∗)
⊥) and V ∈
Γ(kerπ∗), we have
g(∇XY, V ) = g(J∇XY, JV )
= g(∇XJY, JV )−
1
2
g(BY,B1)g(X, JV )−
1
2
g(X, Y )g(B1, V )
= g(∇XBY, JV ) + g(∇XCY, JV )−
1
2
g(BY,B1)g(X, JV )
−
1
2
g(X, Y )g(B1, V )
= g(AXBY, JV )− g(CY, JAXV ) +
1
2
ω(V )g(CY,CX)
−
1
2
g(BY,B1)g(X, JV )−
1
2
g(X, Y )g(B1, V )
where we have used Lemma 2.4 and Lemma 3.2. Therefore, (kerπ∗)
⊥ defines
a totally geodesic foliation on M if and only if
g(AXBY, JV ) = g(CY, JAXV )−
1
2
ω(V )g(CY,CX)
+
1
2
g(BY,B1)g(X, JV ) +
1
2
g(X, Y )g(B1, V )
Thus, we conclude that (a)⇔(b). Next, in the light of equation (3.4), we have
g(AXBY, JV ) = g(∇XBY, JV )
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= g(∇XJY, JV )− g(∇XCY, JV )
= gB(π∗∇XJY, π∗JV )− g(∇XCY, JV )
= −gB((∇π∗)(X, JY ), π∗JV ) + gB(∇
π
Xπ∗(JY ), π∗JV )
−g(∇XCY, JV )
= −gB((∇π∗)(X, JY ), π∗JV ) + g(∇XCY, JV )− g(∇XCY, JV )
= −gB((∇π∗)(X, JY ), π∗JV )
hence, we conclude that (b)⇔(c). 
If π is a Lagrangian Riemannian submersion, then we have the following
corollary giving characterization for totally geodesicness of horizontal distri-
bution of Lagrangian Riemannian submersion.
Corollary 4.2 Let π be a Lagrangian Riemannian submersion from a lo-
cally conformal Kaehler manifold (M, g, J) onto a Riemannian manifold (B, gB).
Then the following assertions are equivalent to each other:
(a) (kerπ∗)
⊥ defines a totally geodesic foliation on M
(b) gB(AXJY, JV ) =
1
2
g(JY,B1)g(X, JV ) +
1
2
g(X, Y )g(B1, V )
(c) gB((∇π∗)(X, JY ), π∗JV ) = −
1
2
g(JY,B1)g(X, JV )−
1
2
g(X, Y )g(B1, V )
for X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗).
Proof. In view of (2.1) for X, Y ∈ Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗), we
have
g(∇XY, V ) = g(J∇XY, JV )
= g(∇XJY, JV )−
1
2
θ(Y )g(X, JV )−
1
2
g(X, Y )g(B1, V )
= gB(π∗∇XJY, π∗JV )−
1
2
θ(Y )g(X, JV )−
1
2
g(X, Y )g(B1, V )
= gB(π∗(AXJY ), π∗JV )−
1
2
θ(Y )g(X, JV )−
1
2
g(X, Y )g(B1, V )
Therefore, (kerπ∗)
⊥ defines a totally geodesic foliation on M if and only if
gB(AXJY, JV ) =
1
2
θ(Y )g(X, JV ) +
1
2
g(X, Y )g(B1, V )
Thus, (a)⇔(b). Next, taking into account (3.4) we have
gB(AXJY, JV ) = gB(∇XJY, JV )
= gB(π∗∇XJY, π∗JV )
= −gB((∇π∗)(X, JY ), π∗JV )
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which shows that
gB((∇π∗)(X, JY ), π∗JV ) = −
1
2
θ(Y )g(X, JV )−
1
2
g(X, Y )g(B1, V )
proving that (b)⇔(c). 
Now, let us suppose that X ∈ Γ(µ) and V ∈ Γ(kerπ∗). Then, by the
definition of second fundamental form (3.4), we have
(∇π∗)(V,X) = ∇
π
V π∗X − π∗∇VX.
Further , we have
(∇π∗)(X, V ) = ∇
π
Xπ∗V − π∗∇XV.
Since, second fundamental form is symmetric, from above two equations we
conclude that
∇πV π∗X = 0. (4.1)
For the totally geodesicness of the leaves of (kerπ∗), we have
Theorem 4.3 Let (M, g, J) be a locally conformal Kaehler manifold and
π be an anti-invariant Riemannian submersion from M onto a Riemannian
manifold (B, gB). Then the following assertions are equivalent to each other:
(a) (kerπ∗) defines a totally geodesic foliation on M
(b) TVBX +ACXV = 0 or TVBX +ACXV ∈ Γ(µ)
(c) gB((∇π∗)(V, JX), π∗JW ) = 0
for X ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).
Proof. For any X ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗), we have
g(∇VW,X) = g(J∇VW,JX)
= g(∇V JW, JX)
= −g(JW,∇V JX)
where we have used (2.1) and the fact that (kerπ∗) and (kerπ∗)
⊥ are orthog-
onal. Now, taking into consideration equation (3.2) and applying Lemma 2.4,
we observe that
g(∇VW,X) = −g(JW,∇VBX)− g(JW,∇VCX)
= −g(JW, TVBX)− g(JW,ACXV )
= −g(JW, TVBX +ACXV )
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above equation shows that (a)⇔(b). Further, in view of (3.4) we have
g(TVBX, JW ) + g(ACXV, JW )
= g(H(∇VBX), JW ) + g(H(∇VCX), JW )
= g(∇VBX, JW ) + g(∇VCX, JW )
= gB(π∗∇VBX, π∗JW ) + gB(π∗∇VCX, π∗JW )
= −gB((∇π∗)(V,BX), π∗JW )− gB((∇π∗)(V, CX), π∗JW )
+ gB(∇
π
V π∗CX, π∗JW )
Using (4.1) above equation reduces to
g(TVBX, JW ) + g(ACXV, JW )
= −gB((∇π∗)(V,BX), π∗JW )− gB((∇π∗)(V, CX), π∗JW )
= −gB((∇π∗)(V, JX), π∗JW )
and hence we conclude that (b)⇔(c). 
Now, if π is a Lagrangian Riemannian submersion, then (3.3) implies that
TB = π∗(J(kerπ∗)). Hence, we have the following
Corollary 4.4 Let (M, g, J) be a locally conformal Kaehler manifold and π
be a Lagrangian Riemannian submersion from M onto a Riemannian manifold
(B, gB). Then the following assertions are equivalent to each other:
(a) (kerπ∗) defines a totally geodesic foliation on M
(b) TV JW = 0
(c) (∇π∗)(V, JX) = 0
for X ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).
Proof. (a)⇔ (b) is obvius from Theorem 4.3. We prove (b)⇔ (c). In view
of equation (3.4) and Lemma 2.4 and taking into account the orthogonality of
(kerπ∗) and (kerπ∗)
⊥, we have
g(∇V JW, JX) = −g(JW,∇V JX)
= −gB(π∗JW, π∗∇V JX)
= gB(π∗JW, (∇π∗)(V, JX))
g(TV JW, JX) = gB(π∗JW, (∇π∗)(V, JX))
since TV JW ∈ Γ(kerπ∗), we get (b)⇔ (c). 
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Definition 4.5 [1] A differential map π between two Riemannian manifolds
is called totally geodesic if ∇π∗ = 0.
For a Lagrangian Riemannian submersion we have the following characteriza-
tion result.
Theorem 4.6 Let (M, g, J) be a locally conformal Kaehler manifold and π
be a Lagrangian Riemannian submersion from M onto a Riemannian manifold
(B, gB). Then π is a totally geodesic map if and only if
TV JW +
1
2
ω(W )JV +
1
2
g(V,W )A = 0
and
AXJW +
1
2
ω(W )JX +
1
2
Ω(X,W )B1 = 0
for X, Y ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).
Proof. We know that second fundamental form of a Riemannian submer-
sion satisfies
(∇π∗)(X, Y ) = 0 ∀X, Y ∈ Γ((kerπ∗)
⊥) (4.2)
In the light of equations (2.1), (3.4) and (4.1), for any V,W ∈ (kerπ∗), we
have
(∇π∗)(V,W ) = ∇
π
V π∗(W )− π∗(∇VW )
= −π∗(∇VW )
= π∗(J(J∇VW ))
= π∗(J(∇V JW +
1
2
ω(W )JV +
1
2
g(V,W )A))
= π∗(J(TV JW +
1
2
ω(W )JV +
1
2
g(V,W )A)) (4.3)
On the other hand, for any X ∈ Γ((kerπ∗)
⊥) and W ∈ (kerπ∗), in view of
(3.4), we have
(∇π∗)(X,W ) = ∇
π
Xπ∗(W )− π∗(∇XW )
= −π∗(∇XW )
= π∗(J(J∇XW ))
= π∗(J(∇XJW +
1
2
ω(W )JX +
1
2
Ω(X,W )B1))
= π∗(J(AXJW +
1
2
ω(W )JX +
1
2
Ω(X,W )B1)) (4.4)
and hence as J is non-singular, result follows from (4.2),(4.3) and (4.4). 
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5 Decomposition Theorems
In this section we obtain decomposition theorems by using the existence of
anti-invariant Riemannian submersions. First, we recall the following result
from [8].
Definition 5.1 [8] Let g be a Riemannian metric tensor on the manifold
N = M × B and assume that the canonical foliations DM and DB intersect
perpendicularly everywhere. Then g is the metric tensor of
(i) a twisted product M ×f B if and only if DM is a totally geodesic foliation
and DB is a totally umbilical foliation
(ii) a warped product M ×f B if and only if DM is a totally geodesic foliation
and DB is a spherical foliation, that is, it is umbilical and its mean
curvature vector field is parallel
(iii) a usual product of Riemannian manifolds if and only if DM and DB are
totally geodesic foliations.
We have following decomposition theorem for anti-invariant Riemannian
submersions which follows from Theorem 4.1 and Theorem 4.3 in terms of
second fundamental form of such submersions.
Theorem 5.2 Let (M, g, J) be a locally conformal Kaehler manifold and
π be an anti-invariant Riemannian submersion from M onto a Riemannian
manifold (B, gB). Then M is locally product manifold if and only if
gB((∇π∗)(X, JY ), π∗JV ) = −g(CY, JAXV ) +
1
2
ω(V )g(CY,CX)
−
1
2
g(BY,B1)g(X, JV )−
1
2
g(X, Y )g(B1, V )
and
gB((∇π∗)(V, JX), π∗JW ) = 0
for X, Y ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).
From Corollary 4.2 and Corollary 4.4, we have the following
Theorem 5.3 Let (M, g, J) be a locally conformal Kaehler manifold and π
be a Lagrangian Riemannian submersion from M onto a Riemannian manifold
(B, gB). Then M is locally product manifold if and only if
gB((∇π∗)(X, JY ), π∗JV ) = −
1
2
g(JY,B1)g(X, JV )−
1
2
g(X, Y )g(B1, V )
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and
TV JW = 0
for X, Y ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗).
Now we obtain a decomposition theorem which is related to the notion of
twisted product manifold.
Theorem 5.4 Let π be a Lagrangian Riemannian submersion from a lo-
cally conformal Kaehler manifold (M, g, J) to a Riemannian manifold (B, gB).
Then M is a locally twisted product manifold of the form M(kerπ∗)⊥ ×f M(kerπ∗)
if and only if
TV JX = −g(X, TV V )‖V ‖
−2JV
and
gB(AXJY, JV ) =
1
2
g(JY,B1)g(X, JV ) +
1
2
g(X, Y )g(B1, V )
for X, Y ∈ Γ((kerπ∗)
⊥) and V,W ∈ Γ(kerπ∗), where M(kerπ∗)⊥ ×f M(kerπ∗) are
integral manifold of the distributions (kerπ∗)
⊥ and (kerπ∗).
Proof. Taking into account the orthogonality of (kerπ∗)
⊥ and (kerπ∗)
and using equation (2.1) and Lemma 2.4, , for any X ∈ Γ((kerπ∗)
⊥) and
V,W ∈ Γ(kerπ∗), we get
g(∇VW,X) = −g(∇VX,W )
= −g(J∇VX, JW )
= −g(∇V JX, JW )
= −g(TV JX, JW ).
This implies that (kerπ∗) is totally umbilical if and only if
TV JX = −X(λ)JV (5.1)
where λ is some function on M . Then, from above equation (5.1), we arrive at
g(−X(λ)JV, JV ) = g(TV JX, JV )
−X(λ)‖V ‖2 = g(TV JX, JV )
= g(∇V JX, JV )
= g(J∇VX, JV )
= −g(X, TV V )
X(λ) = g(X, TV V )‖V ‖
−2 (5.2)
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where we have used (2.1). Thus, from (5.1) and (5.2), we conclude that
TV JX = −g(X, TV V )‖V ‖
−2JV
then result follows from Corollary 4.2. 
We now prove the non existence of a twisted product manifold of the form
M(kerπ∗)⊥ ×f M(kerπ∗) for Lagrangian Riemannian submersions.
Theorem 5.5 Let (M, g, J) be a locally conformal Kaehler manifold and
(B, gB) be a Riemannian manifold. Then there do not exist Lagrangian Rie-
mannian submersion from M onto B such that M is a locally proper twisted
product manifold of the form M(kerπ∗)⊥ ×f M(kerπ∗).
Proof. Suppose that π be a Lagrangian Riemannian submersion from
a locally conformal Kaehler manifold (M, g, J) onto a Riemannian manifold
(B, gB) and M is a locally twisted product of the form M(kerπ∗)⊥ ×f M(kerπ∗).
Then by definition 5.1 M(kerπ∗) is a totally geodesic foliation and M(kerπ∗)⊥
is a totally umbilical foliation. Let us denote the second fundamental form
of M(kerπ∗)⊥ by h, then we get g(∇XY, V ) = g(h(X, Y ), V ) for any X, Y ∈
Γ((kerπ∗)
⊥) and V ∈ Γ(kerπ∗). Since M(kerπ∗)⊥ is totally umbilical foliation
then we have
g(∇XY, V ) = g(H, V )g(X, Y ) (5.3)
where H is the mean curvature vector field of M(kerπ∗)⊥ .
On the other hand, taking account of orthogonality of (kerπ∗)
⊥ and (kerπ∗)
and in the light of (2.1) and lemma 2.4, we have
g(∇XY, V ) = −g(Y,∇XV )
= −g(JY, J∇XV )
= −g(JY,AXJV +
1
2
ω(V )JX) (5.4)
Thus, from (5.3) and (5.4), we get
g(H, V )g(X, Y ) = −g(JY,AXJV +
1
2
ω(V )JX)
g(H, V )g(JY, JX) = −g(JY,AXJV +
1
2
ω(V )JX)
−g(H, V )‖X‖2 = g(AXJV +
1
2
ω(V )JX, JX)
= g(∇XJV +
1
2
ω(V )JX, JX)
= g(J∇XV, JX)
= −g(V,∇XX)
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So, we have
g(H, V )‖X‖2 = g(V,AXX)
But, from (2.5) it is known that AXX = 0, which implies g(H, V )‖X‖
2 = 0.
Since g is a Riemannian metric and H ∈ Γ(kerπ∗), we conclude that H = 0
which proves that (kerπ∗)
⊥ is totally geodesic and hence M is usual product
of Riemannian manifolds. This completes the proof. 
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